Abstract. Two characterizations of an Azumaya Galois extension of a ring are given in terms of the Azumaya skew group ring of the Galois group over the extension and a Galois extension of a ring with a special Galois system is determined by the trace of the Galois group.
V A (B). An H-separable extension

Skew group rings.
In this section, keeping the notations of Section 2, we give two characterizations of an Azumaya Galois extension and an expression of the commutator subring of C in S * G when S is a separable C G -algebra. 
Proof. (i)⇒(ii). Since S is an Azumaya Galois extension, S
Noting that S is a direct summand of S * G as a left S-module, we conclude that
with the same Galois system as S (for S is G-Galois). Also, by hypothesis, S is an Azumaya Galois extension, so
is a separable Z-algebra and a finitely generated and projective Z-
is finitely generated and projective (S * G) G -module. Since n is a unit in S, ZG is a sep-
= ZG by the commutator theorem for Azumaya algebras [4, Thm. 4.3] . Therefore, ZG is a finitely generated and projective Z-module of rank n [1, Prop. 4] . From the fact that there are n elements {g i } of G as generators of ZG, it is not difficult to show that {g i } are free over Z. Hence, Z is a finitely generated and projective C G -module. Thus, the rank of ZG over C G is a product of the rank of ZG over Z and the rank of Z over C G ; that is, 
where ⊗ is over CZ .
Proof. (i) Since S is a separable C G
-algebra, C is also a separable C G -algebra. Hence, C ⊗ Z is a separable Z-algebra, where ⊗ is over C G ; and so the homomorphic image CZ of C ⊗ Z is also a separable Z-algebra. Clearly, CZ is commutative.
(ii) Since n is a unit in S, S * G is a separable S-extension. Hence, S * G is a separable C G -algebra by the transitivity of separable extensions; and so S * G is an Azumaya Z-
.3] (for CZ is a separable subalgebra of S * G by (i)). This implies that the center of V S * G (CZ) is CZ . Thus, V S * G (CZ)
is an Azumaya CZ-algebra. By hypothesis again, S is a separable C G -algebra, so it is an Azumaya C-algebra. Hence, S ⊗ CZ is an Azumaya CZ -algebra, where ⊗ is over C. Thus, SZ is also an Azumaya CZ-algebra.
where ⊗ is over CZ.
By [3, Thm. 3.1], if S is an Azumaya Galois extension, then S
* G is an Azumaya C G -algebra (that is, Z = C G ) and S is a separable C G -algebra. Thus, we have the following result.
Corollary 3.4. If S is an Azumaya Galois extension, then V S * G (C) S ⊗ V S * G (S) as Azumaya C-algebras, where ⊗ is over C such that V S * G (C) is a G -Galois extension of V S * G (CG).
Proof. By the above remark, it suffices to show that V S * G (C) is a G -Galois extension of V S * G (CG). In fact, since S is a G-Galois extension and S ⊂ V S * G (C), V S * G (C) is a G -Galois extension with the same Galois system as S by noting that V S * G (C) is
G -invariant (for G is the restriction of G to S). Moreover, it is clear that (V S
* G (C)) G = V S * G (CG).
A Galois system. It is well known that
i | g i in G} is a separable system for a separable group ring RG over a ring R with 1, where G = {g i | i = 1,...,n} for some integer n invertible in R, for a separable skew group ring S * G over S and for a separable projective group ring RG f over R as defined in [9] . In this section, we give an equivalent condition for (S * G) K to have a (G/K) -Galois system similar to the above separable system for a normal subgroup K of G.
where m is the order of H.
Proof. (i) We want to show that g i Kg
, where m is the order of H.
We derive the following corollaries. Proof. Let H be G. Then K = the center of G; and so the corollary follows immediately from the theorem.
Proof. This is the case of the theorem that the center of G is trivial.
We derive an equivalent condition for a Galois subring of S * G arising from a Ginvariant subring. We conclude the present paper with an example of an Azumaya skew group ring S * G which is a G -Galois extension such that the rank of ZG over C G is not n (see (6) Z is a free R-module of rank 2 and ZG is a free C G -module of rank 4 ( = 2 = the order of G), so one of the three conditions in Theorem 3.1(iii) does not hold.
